In order to develop a dynamical model of the Kuiper disk, we run numerical integrations of particles originating from source bodies trapped in the 3 : 2 external mean motion resonance with Neptune to determine what percentage of particles remain in the resonance for a variety of particle and source body sizes. The dynamical evolution of the particles is followed from source to sink with Poynting-Robertson light drag, solar wind drag, radiation pressure, the Lorentz force, neutral interstellar gas drag, and the effects of planetary gravitational perturbations included. We find that the number of particles in the 3 : 2 resonance increases with decreasing (i.e., increasing particle size) for the cases in which the initial source bodies are small ( 10 km in diameter) and that the percentage of particles in resonance is not significantly changed by either the addition of the Lorentz force, as long as the potential of the particles is small (%5 V), or the effect of neutral interstellar gas drag. The brightness of the entire Kuiper disk is calculated using a model composed of 500 lm diameter particles and fits well with upper limits to the Kuiper disk brightness and previous estimates. A disk with a size-frequency distribution weighted toward large particles, which are more likely to remain in resonance, may have a stronger, more easily identifiable resonant signature than a disk composed of small particles.
INTRODUCTION
In 1943 and 1951, respectively, Edgeworth and Kuiper independently speculated that planetary material may lie in our solar system beyond the orbit of Neptune (Jewitt 1999; Edgeworth 1943; Kuiper 1951) . In 1992, Jewitt and Luu discovered 1992 QB1, the first object in what came to be known as the Kuiper Belt or the Edgeworth-Kuiper Belt (Jewitt & Luu 1993) . As of 2003 March, more than 650 Kuiper Belt objects (KBOs) have been discovered (Trujillo & Brown 2002; Parker 2003 1 ) , which translates into an estimated 1 Â 10 5 KBOs with diameters greater than 100 km (Jewitt 1999) orbiting with semimajor axes between 40 and 200 AU (Trujillo & Brown 2002) . The Kuiper Belt was formed either because planet formation at those heliocentric distances did not occur as a result of the low density of planetesimals and the long encounter timescales between objects and/or because planetesimals were displaced into the region as a result of perturbing encounters with young Uranus and Neptune (Backman & Paresce 1993) . In the asteroid belt, collisions between asteroids supply dust particles to the zodiacal cloud, the Sun's inner dust disk. By comparison, it has been postulated that collisions between KBOs could initiate a collisional cascade that would produce a Kuiper dust disk. In fact, the Kuiper Belt is the region of our solar system that is most analogous to the planetary debris disks we see around other stars such as Vega, Pic, Fomalhaut, and Eri (Backman & Paresce 1993) . In this paper we discuss some of the dynamical properties of the Kuiper Belt and the resonant structure of the Kuiper disk.
A Kuiper dust disk will have a resonant structure, with two concentrations in brightness along the ecliptic longitude (Dermott, Malhotra, & Murray 1988a; Liou & Zook 1999) arising because an estimated 6% of the Kuiper Belt objects are in the 3 : 2 mean motion resonance with Neptune (Trujillo & Brown 2002 ). Ultimately we want to develop a complete dynamical model of the Kuiper disk. The first step in this process is to run numerical integrations of particles originating from source bodies trapped in the 3 : 2 resonance and to determine what percentage of particles remain in the resonance for a variety of particle and source body sizes. Because the particle properties (shape, composition, etc.) are not well known, the variable we use to denote particle size is , the magnitude of the ratio of the force of radiation pressure to the force of gravity. The dynamical evolution of the particles is followed from source to sink with PoyntingRobertson light drag (PR drag), solar wind drag, radiation pressure, the Lorentz force, neutral interstellar gas drag, and the effects of planetary gravitational perturbations included.
Previous studies of particles in the Kuiper disk (Liou & Zook 1999; Moro-Martín & Malhotra 2002) are different from the study presented in this paper in three ways. Liou & Zook (1999) considered particles that originate outside of the 3 : 2 resonance and, by means of PR drag, can later become trapped in resonance. However, it may be more realistic to consider particles that originate from source bodies that are in the 3 : 2 resonance. This is especially important for large particles since they may suffer collisions that will quickly break them down into smaller particles before they can evolve into the 3 : 2 resonance. (MoroMartín & Malhotra [2002] consider a range of initial semimajor axes: 35 AU a 50 AU.) Secondly, Liou & Zook (1999) and Moro-Martín & Malhotra (2002) have not included the Lorentz force and neutral interstellar gas drag in their numerical integrations. Finally, we have included particles with 0 < 0:13, while Liou & Zook (1999) considered particles with 0:05 0:4 and Moro-Martín & Malhotra (2002) considered particles with 0:01 0:4. Their particle distribution is weighted more toward smaller particles, yet they do not include the Lorentz force, which is more important for smaller particles.
We find that, for the cases in which the initial source bodies are small (i.e., 10 km in diameter), the number of particles in the 3 : 2 mean motion resonance increases with decreasing (i.e., increasing particle size). Consequently, a size-frequency distribution for a Plutino disk must be weighted toward larger particles (i.e., those with smaller -values). In addition, as long as the potential, U, of the particles is small (U % 5 V), the Lorentz force does not seem to prevent the particles from remaining in resonance. Similarly, the addition of the effect of neutral interstellar gas drag does not significantly change the percentage of particles remaining in resonance.
KUIPER BELT AND DISK
KBOs are divided into three dynamical classes: classical KBOs, scattered KBOs (SKBOs), and resonant KBOs. The orbits of the classical objects, which account for approximately two-thirds of the known KBOs, have semimajor axes 41 AU a 47 AU and seem unassociated with resonances. They have moderate eccentricities (e % 0:1) and their inclinations lie in the range 0 I 32 (Jewitt 1999) . Assuming that there are $10 5 KBOs with diameters larger than 100 km, there are on the order of 50,000 classical KBOs in that size range (Jewitt 1999; Trujillo & Brown 2002) .
Currently, approximately 10% of the observed KBOs are SKBOs (Trujillo & Brown 2002; Trujillo, Jewitt, & Luu 2000) . The first member to be discovered, 1996 TL 66 , has a semimajor axis of 85 AU, an eccentricity of 0.59, and an inclination of 24 (Luu et al. 1997) . As a whole, the SKBOs are characterized by large eccentricities, large semimajor axes (>50 AU), and perihelia, q, near 35 AU because they were scattered by Neptune. The total number of SKBOs with diameters larger than 100 km is estimated to be on the order of 50,000 (Trujillo & Brown 2002) . The SKBOs are thought to have been scattered by Neptune into a scattered disk (Trujillo et al. 2000) . Finally, it should be noted that the observational techniques are biased toward lower inclinations, so the reported range of inclinations for these dynamical classes will be less than the actual range.
The resonant KBOs are primarily composed of the Plutinos, objects that reside in the 3 : 2 mean motion resonance with Neptune at a semimajor axis of 39.4 AU, and KBOs that reside in the 2 : 1 mean motion resonance with Neptune (a % 47:7 AU). The 4 : 3 and 5 : 3 resonances are also somewhat populated. We focus here on the 3 : 2 resonance. Pluto also resides in this resonance (Malhotra & Williams 1998) and, like the Plutinos, avoids close encounters with Neptune by being an aphelion librator. Approximately 15% of the observed KBOs are resonant KBOs. However, once the current observations are debiased, Plutinos (and KBOs in the other mean motion resonance with Neptune) probably compose 6% of the total KBO population (Trujillo & Brown 2002) , or on the order of 6000 objects with diameters larger than 100 km. The eccentricities (0:1 e 0:34) and inclinations (10 I 20 ) of the Plutinos bracket the values of Pluto (e ¼ 0:25, I ¼ 17 ). As KBOs continue to be found, the existence of a Kuiper dust disk having an equilibrium grain population orbiting at approximately 30-50 AU has been postulated (Backman, Dasgupta, & Stencel 1995) . As such a disk has not yet been directly observed, many theoretical questions remain about the size-frequency distribution of the particles in the disk, the evolution of the disk, and subsequent implications for the detectability of the Kuiper disk from existing or future observations. Such a disk could be generated in three ways:
(1) by collisions between KBOs, (2) by impacts of interstellar dust grains onto KBOs, and (3) by mutual collisions between dust particles. Models of collisions between KBOs by Stern (1996) estimate a dust production rate in the Kuiper Belt of between 9:5 Â 10 8 and 3:2 Â 10 11 g s À1 . These predictions are supported by observational evidence: the Pioneer 10 and Pioneer 11 spacecrafts have detected the signatures of Kuiper dust grains in the outer solar system (Landgraf et al. 2002) . The dust detectors on board the Pioneer spacecraft registered detections due to particles in the size range of 10-6000 lm, too big to be interstellar grains. The Pioneer 10 spacecraft detected a nearly constant flux of dust particles outside of Jupiter's orbit. Inside of Saturn's orbit, the dust particles are attributable to a combination of KBOs, short-period Oort cloud comets, and short-period Jupiter-family comets. However, to match the observations, Landgraf et al. (2002) conclude that the flux of dust particles outside of Saturn's orbit must be dominated by grains originating from the Kuiper disk. A Kuiper Belt dust production rate of approximately 5 Â 10 7 g s À1 is needed to account for the amount of dust found by the Pioneer spacecrafts outside the orbit of Saturn. Yamamoto & Mukai (1998) estimate a total dust production rate of dust grains due to the impacts of interstellar grains with KBOs of 3:7 Â 10 5 or 3:1 Â 10 7 g s À1 depending on whether the surfaces of the KBOs are hard and icy or are covered by a layer of icy particles, respectively. Finally, Liou, Zook, & Dermott (1996) estimate that the average time for two 9 lm diameter Kuiper grains to have a mutual collision is 3:11 Â 10 7 yr. In addition, for Kuiper grains starting out at 40 AU, Pepin, Palma, & Schlutter (2001) report a mean collisional survival time of between 2 Â 10 6 and 10 Â 10 6 yr for grains with diameters ranging from 10 to 10,000 lm. In fact, their 10 lm diameter grains succeed in penetrating to 1 AU. (In comparison, the PR drag lifetime for a 10 lm grain at 40 AU with density 2 g cm À2 is $4 Â 10 7 yr for the geometrical optics case. The PR drag lifetime for a 10,000 lm grain is 4 Â 10 10 yr.) Since we only follow our numerical integrations for 2:5 Â 10 5 yr, we neglect mutual collisions.
RESONANT STRUCTURE: MEAN MOTION RESONANCES
If a Kuiper disk exists, it would most likely have a resonant structure, with two concentrations in brightness along the ecliptic longitude (see Fig. 1 ). The structure arises from dust particles originating from the Plutinos, the KBOs trapped in the 3 : 2 mean motion resonance with Neptune, meaning that the particles orbit the Sun twice for every three times Neptune completes an orbit. We build a simple toy model of a Plutino disk, which is shown in Figure 1 . The particles in the model are all one size: they are assumed to be large with ¼ F rad j j= F grav % 0. The particles' orbits are distributed through a three-dimensional array of cells, and a line-of-sight integrator allows the model to be viewed as it would appear in the 70 lm wave band in a coordinate frame that corotates with Neptune. Note the presence of the two lobes. A disk of particles trapped in a p þ 1 : p exterior mean motion resonance will have p lobes, which are located at the particles' pericenters. In the rotating frame, the lobes are caused by the fact that the angular velocity of the particles at pericenter becomes comparable to the angular velocity of Neptune (Murray & Dermott 1999) . The position of Neptune would lie 90 from the two lobes, since the Plutinos are aphelion librators. Essentially, Figure 1 represents a snapshot of how the resonant cloud would appear, since the lobes corotate with Neptune; the positions of the lobes will change with time with respect to a non-Neptunian reference Fig. 1. -Toy model of a Plutino disk. The particles in the model are assumed to be large (%300 lm in diameter) with % 0. The particles' orbits are distributed through a three-dimensional array of cells, and a line-of-sight integrator allows the model to be viewed as it would appear in the 70 lm wave band in a coordinate frame that corotates with Neptune. Note the presence of the two lobes. A disk of particles trapped in a p þ 1 : p external mean motion resonance will have p lobes, which are located at the particle's pericenters. and, correspondingly, the geocentric ecliptic longitudes of the lobes would be 38 and 218 , demonstrating that this signal is time varying. Since the Plutinos populate the densest and closest resonance to the inner edge of the Kuiper Belt, dust from these bodies would generate the brightest emission. This Plutino resonant ring is similar in nature to the resonant ring of dust particles corotating with the Earth (Jackson & Zook 1992; Dermott et al. 1994b; Jayaraman 1995) , except that the lobes are symmetrical with respect to Neptune. There is no trailing cloud because the drag rate on the particles at $40 AU is very small (Dermott et al. 1998) . Shown in Figure 2 is a similar model to that shown in Figure 1 but with a nonzero libration width. The lobes are still visible but have a smoothed appearance.
Ultimately, the resonant structure in the Kuiper disk may be detectable using data from COBE or the Space Infrared Telescope Facility (SIRTF). The main impediment to detecting the Plutino ring is that, since it is located at approximately 39.4 AU, it will be very faint. Many brighter layers of emission will need to be subtracted from the data before the faint residuals can be studied for traces of the Plutino resonant structure. More promising may be the idea of detecting resonant structures in planetary debris disks. In Figure 3 we take the model shown in Figure 1 and show it as it would appear to SIRTF in the MIPS 70 lm wave band if the disk were located at 2 pc. Even with a pixel size of 1 00 , the lobes are still visible. The models shown in Figures 1, 2 , and 3 are very simplistic and are meant for illustrative purposes only. We have included a heuristic distribution of particle eccentricities and inclinations in the models and have not included any nongravitational forces, which need to be considered for particles less than $500 lm in diameter. The goal of the following sections is to calculate, first analytically and then numerically, the percentage of particles that stay in or become trapped in the 3 : 2 mean motion resonance for a given set of initial conditions to gain a more complete understanding of resonant structure in the Kuiper disk. We begin by discussing the forces that must be considered.
FORCES ON A DUST PARTICLE
A body, such as an asteroid or dust particle, orbiting a star possessing a planetary system is subject to three types of gravitational perturbations due to planets in the system: long-period or secular perturbations, resonant perturbations, and gravitational scattering by the planets. In addition, for dust particles 500-1000 lm in diameter, nongravitational forces must also be considered. In this section we give a brief overview of the nongravitational forces on a dust particle that are considered in our numerical simulations, namely, radiation pressure, PR drag, solar wind drag, the Lorentz force, and neutral interstellar gas drag. Different combinations of these forces are included in the dynamical models and numerical integrations in this paper. Another drag force, the Yarkovsky effect, typically only affects large bodies on the order of 1 m in diameter. Since our studies only encompass small micron-sized particles, we can omit the Yarkovsky effect from the following discussion. For a more complete discussion we refer the reader to Burns, Lamy, & Soter (1979) and Gustafson (1994) . The orbit of a particle or a planet can be described by a set of six osculating elements: the semimajor axis (a), eccentricity (e), inclination of the orbit to a reference plane (I ), longitude of ascending node (), longitude of pericenter (! !), and the mean longitude (). The forces below are calculated for the case of the solar system, but it is trivial to derive expressions for an exosolar system case. In general, forces on a dust particle can be separated into two categories: gravitational and nongravitational forces. The gravitational forces will be discussed in more detail in a subsequent section on mean motion resonances.
Radiation Pressure
Particles are affected by photons streaming out from the Sun. These photons act on the particles, producing a repulsive force known as the radiation pressure force, F rad . A dimensionless quantity, , is used to describe radiation pressure. It is defined as the ratio of the radiation pressure force to the force of gravity: ¼ F rad j j= F grav . The force of gravity can be written as F grav ¼ ÀðGMm=r 2 Þr r, where G ¼ 6:67 Â 10 À11 N m 2 kg À2 is the gravitational constant, M is the mass of the Sun (M ¼ 1:99 Â 10 30 kg) or, in general, the central star, r is the heliocentric distance, and m is the mass of an individual dust particle. If we combine the forces of gravity and radiation pressure, the resulting total force on the particle is
which means that when a particle is acted upon by radiation pressure, the gravitational pull on the particle is equivalent to that of the Sun if its mass were reduced by a factor of (1 À ) (Burns et al. 1979; Gustafson 1994 ).
Poynting-Robertson Light Drag
When a particle absorbs incident radiation from the Sun, it reradiates (or scatters) it isotropically in the particle's rest frame. However, since the particle is moving with respect to the Sun, according to special relativity the particle does not reradiate (or scatter) the energy flux isotropically in the rest frame of the Sun. The particle reradiates (or scatters) more energy in the direction of its velocity than in the opposite direction, causing a loss of momentum. Since the mass of the particle is constant, this loss of momentum translates into a deceleration of the particle, resulting in a net drag on the particle. The drag effect is referred to as PR drag (Poynting 1903; Robertson 1937; Burns et al. 1979) . The loss of momentum causes the particle to move to a lower orbit, resulting in the particle slowly spiraling into the Sun over a period of time called the PR drag lifetime (Burns et al. 1979) . To the first order in v=c, the total radiation force (radiation pressure force combined with PR drag) acting on a spherical particle is
where the unit vectorĥ h is normal tor r in the orbital plane (Burns et al. 1979; Klacka 1992; Gustafson 1994) . The first term is the radiation pressure force already discussed above, and both the second and third terms are PR drag. Since PR drag is a radial force, the inclination and the ascending node are not affected and the change in longitude of perihelion is negligible for small eccentricities. Given below are the changes in semimajor axis and eccentricity with respect to time where PR ¼ GM =c (Wyatt & Whipple 1950) :
Solar Wind Corpuscular Drag
Another nongravitational force acting on dust particles is the force due to solar wind corpuscular drag, F sw , which is caused by solar wind protons streaming out from the Sun and impacting the particles in their paths. F sw is analogous to the total radiation force given in equation (2). We can define sw to be equal to sw ¼ jF sw j=jF grav j. Taking v sw to be the solar wind speed, we can write the solar wind force as
which has the same form as equation (2) (Gustafson 1994) . We can approximate the solar wind drag force as being roughly 1 3 the value of the total radiation force given in equation (2).
Solar Wind Lorentz Force
Interplanetary dust particles are charged and as a result are coupled to the solar wind-driven interplanetary magnetic field. The particles acquire a charge by a variety of methods: the photoemission of electrons from the absorption of ultraviolet (UV) solar radiation and the accretion of solar wind protons tends to positively charge the particles, while the accretion of solar wind electrons imparts a negative charge to the dust grains. The equation for the equilibrium charge state can be written as
where e , p , and ph are the cross sections of the grains for electrons, protons, and UV photons, respectively, the f-values are the corresponding fluxes, and y is the photoelectron yield (Gustafson & Misconi 1979) . It is predicted that under normal conditions, photoemission dominates over the accretion of solar wind particles, giving the dust particles a net positive potential, U, of %5 V (Goertz 1989; Gustafson 1994 ). This potential is independent of distance since solar wind density follows an approximate 1/r 2 decrease in density (Leinert & Grü n 1990) , and it corresponds to a charge q ¼ 4 0 Us on a spherical particle where 0 ¼ 8:859 Â 10 À12 C V À1 m À1 . The force exerted on the particle by the interplanetary magnetic field, B, can be written as
where v, the velocity with respect to this field, can be broken down into components v g , the heliocentric velocity of the particle, and v sw , the solar wind velocity:
This is the classical representation of the Lorentz force. The second term in the above equation is independent of the particle's motion and can be viewed as resulting from an induced electric field. Gustafson & Misconi (1979) found that although solar wind parameters are variable and uncertain over long timescales, this second term is stable in magnitude and direction. Gustafson & Misconi (1979) and more recently Grogan, Dermott, & Gustafson (1996) modeled the magnetic field, utilizing the expanding solar corona model of the solar magnetic field (Parker 1958) . In Parker's model, the gas flowing outward from the solar corona draws out the solar magnetic field lines as the Sun rotates, so that close to the Sun the field is approximately radial, but farther from the Sun the field lines form an Archimedean spiral (Grogan et al. 1996; Gustafson 1994) . In the following equations, B 0 is the magnetic field strength at some reference distance, b (B 0 $ 3 nT), ! is the angular velocity of the Sun (! % 2:7 Â 10 À6 ), r is the radial distance from the Sun, is the azimuth angle, and h is the heliocentric colatitude angle; the solar wind velocity, v sw , is taken to be 400 km s À1 :
The above equations are derived using the velocity of the gas flowing out from the Sun, v, where v r ¼ v sw , v ¼ !ðr À bÞ sin , and v ¼ 0 (Parker 1958) .
Neutral Interstellar Gas Drag
This last force, while small in magnitude, acts from a specific direction and could potentially cause noticeable effects on the orbits of dust particles over a large period of time. The solar system inhabits a '' Local Bubble '' in the local interstellar medium (LISM) consisting of hot plasma (10 6 K) of very low density (5 Â 10 À3 cm À3 ) that spans roughly 100 pc. It is thought that this void was created by a supernova explosion (Gehrels & Chen 1993; Grü n et al. 1994) . Within the Local Bubble lies the '' Local Fluff,'' consisting of several clouds a few parsecs wide having higher densities and cooler temperatures than those of the Local Bubble, and within the Local Fluff lies our solar system. The cloud in which the Sun resides has a temperature of 10 4 K and a density of 0.1 H atoms cm À3 (Bertin et al. 1993; Grü n et al. 1994) . The interaction of the solar wind with the LISM causes a cavity to form, which extends out to approximately 100 AU and is termed the heliosphere. Inside the heliosphere only neutral gas atoms, primarily hydrogen, reach the planetary system since interstellar ions are removed from the solar system by the solar wind (Geiss, Gloeckler, & Mall 1994; Gloeckler et al. 1993; Grü n et al. 1994) .
The Ulysses spacecraft has detected a stream of interstellar helium (Witte et al. 1993; Grü n et al. 1994 ), a tracer of hydrogen, originating from an ecliptic longitude of 252
and an ecliptic latitude of +2=5 moving with a speed of 26 km s À1 (Witte et al. 1993; Grün et al. 1994) , which is in good agreement with the direction of motion of the local cloud in which the Sun is embedded with respect to the solar system (Bertin et al. 1993) . These neutral gas atoms can collide with dust grains in the solar system, causing a change in the momentum of the dust particles. While the effects of one collision are negligible, over a period of time repeated collisions have the potential to alter the orbital elements of the dust particle significantly (Scherer 2000) .
For a spherical dust grain with radius s, mass m, and velocity v, the drag force, F H , on the dust particle due to collisions with neutral interstellar hydrogen particles of mass m H moving with a velocity v H can be written as
u is the unit vector in the u-direction, and N, the average number of collisions of hydrogen atoms on a dust particle of collisional crosssectional area, , per unit time, is defined as
where n H is the number density of hydrogen atoms, ¼ s 2 , where s is the radius of the dust particle, and C D is the free molecular drag coefficient due to hydrogen atoms in a Maxwellian velocity distribution of temperature T H impacting a spherical dust particle (Gustafson 1994; Scherer 2000) , where T H $ 8000 K. Substituting equation (13) into equation (12) gives
where the numerical values of the constants are as follows: n H ¼ 0:1 H atoms cm À3 , s is a range of sizes, m H ¼ 1:675 Â 10 À24 g, the particle velocity, v, is calculated at each time step in numerical integrations, v H is 26 km s À1 , and C D , the free molecular drag coefficient, is roughly 1-2 (Gustafson 1994) . The value of C D varies with the type of collision that is assumed to occur and also with the particle shape and orientation. For instance, a C D of 2 corresponds to the case in which the total momentum of a proton that hits the dust particle is transferred to the particle (Gustafson 1994 ). We do not want to limit our calculations by making too many assumptions and have elected to run simulations with C D ¼ 1 and 2.
Collisions
Collisions between dust particles will also affect some dust particles. For small particles (d100 lm) in the asteroid belt, collisions are not important since their collisional lifetimes are much longer than their PR drag lifetimes. Leinert & Grün (1990) estimate the average impact speed between two dust particles as
where v 0 ¼ 20 km s À1 at r 0 ¼ 1 AU. The rate Cðm; rÞ of catastrophic collisions, collisions that result in the fragmentation of both particles, is given by
where is the cross-sectional area inside the circle where the two particles touch, m p is the mass of the projectile, nðm p ; rÞ is the number density of particles of mass m at heliocentric distance r, and ðvðrÞÞ is defined by
where M t is the mass of the target particle (Leinert & Grü n 1990) . The collisional lifetime of a particle is defined as
the reciprocal of the rate of catastrophic collisions (Leinert & Grü n 1990) . Hence, roughly speaking, nðm p ; rÞ $ r À3 , vðrÞ h i $ r À0:5 , so Cðm; rÞ $ r À3:5 making c $ r 3:5 . The PR drag lifetime only goes as PR $ a 2 $ r 2 . Since the collisional lifetime at heliocentric distance r is a steeper function of r than the PR drag lifetime, we can make the assumption that the collisional lifetime of particles at r is longer than their PR drag lifetime. We can assume that collisions can be neglected for small particles at a distance r from the Sun. However, we know that collisions do become important for particles larger than $100 lm in diameter (Gustafson et al. 1992) and will need to be considered in future work.
Comparisons of Forces
We calculate the magnitude of various forces (in newtons) on dust particles of different -values (assuming that the particles are spheres with diameter d ) and present them in Table 1 , assuming that a given particle has a density of ¼ 2:5 g cm À3 , a mass of m dust , a semimajor axis a where a ¼ r ¼ 39:4 AU, and an eccentricity e ¼ 0. In this case, the heliocentric velocity of the particle is given by
The mass of the Sun, M , is taken to be 1:99 Â 10 30 kg. The solar wind velocity is taken to be 400 km s À1 , and B 0 is $3 nT ¼ 3 Â 10 À9 N s m À1 C À1 . The charge, q, on the dust particle is q ¼ 4 0 Ud=2, where 0 ¼ 8:86 Â 10 À12 C V À1 m À1 is the permeability of a vacuum. F grav is the force of gravity. The magnitude of the force due to radiation pressure, F rad j j, is simply F grav . The force due to PR drag, F PR , is represented by the second and third terms in equation (2). The Lorentz force, F L , is defined in equation (8), and for the above calculations, we chose the azimuth angle, , to be 0 and the heliocentric colatitude angle, h, to be 20 . Finally, F H , the force due to neutral interstellar gas particles impacting the dust grains, is given by equation (14). Additional constants and assumptions are given in Holmes (2002) . 
The ratios of the forces in Table 1 are shown in Table 2 . In the case of the 10 lm diameter Kuiper disk particle, we see that F rad =F grav is the same order of magnitude as F L =F grav for U ¼ 20 V and almost the same order of magnitude for U ¼ 5 V. However, for the 100 lm particle, F rad =F grav is at least an order of magnitude greater than F L =F grav for both potentials, making the Lorentz force less important for larger particles. For both the 10 and 100 lm size particles, F PR =F grav is the same order of magnitude as F H =F grav and in both cases the ratio is 4 orders of magnitude less than F rad =F grav .
THE DYNAMICS OF MEAN MOTION RESONANCES
Consider two large objects moving around a large, central mass in circular, coplanar orbits. For now, we assume that ¼ 0. The outer object (primed) is said to move in resonance with the inner object, if their mean motions, n 0 and n, respectively, can be related as
where p and q are integers, q denoting the order of the resonance. Since the mean motion can be related to the semimajor axis by l ¼ GM ¼ n 2 a 3 , the following relation can be written:
Following the derivations given in Dermott et al. (1988a) , Weidenshilling & Jackson (1993) , Jayaraman (1995) , and Murray & Dermott (1999) , if we consider only the resonant terms, the perturbing force on a particle due to a planet can be written as a series expansion in the orbital elements of the planet (a, e, I, ,! !, ) and the particle (a 0 , e 0 , I 0 , 0 ,! ! 0 , 0 ):
where l ¼ GM, G is the gravitational constant, and M is the mass of the planet. The strength of the resonance, S 0 , the strength of an individual term in the series, can be written as S 0 ¼ S 0 ð; sin I; sin I 0 ; e; e 0 Þ, where ¼ ða=a 0 Þ. The general form of the resonant argument, ', can be written as
where j 1 ¼ ðp þ qÞ, j 2 ¼ Àq, and the primed quantities denote those orbital elements of the external orbiting body and the unprimed quantities denote those of the interior body. Physically, the resonant argument can be thought of as the angular distance between the particle's perihelion and the longitude of conjunction of the particle with the planet. We will retain the primes in the subsequent discussion so that the orbital elements of the planet, in this case Neptune, will be denoted as (a N , e N , I N , N ,! ! N , N ) and those of the Plutinos and dust particles associated with the Plutinos as (a 0 , e 0 , I 0 , 0 ,! ! 0 , 0 ). This distinction is important to make since the disturbing functions are different for interior and external resonances, and so the derivation of libration width depends on whether the resonance is interior or exterior. Also note that if p ¼ 1, an extra term must be included in the disturbing function. However, since we are dealing with the 3 : 2 resonance, a p ¼ 2 resonance, we need not include that term in our derivation.
First-Order External Resonances in the Circular Restricted Three-Body Problem
For exact first-order external resonances j 3 j j ¼ 1 ¼ q, and j 4 , j 5 , and j 6 are zero, giving
if we take j 3 to be À1. Now we write the general term in the averaged expansion of the disturbing function, with both secular and resonant terms included. Equation (21) becomes
The first term on the right-hand side is the secular term, which depends on f s;1 ðÞ. The second term is the resonant term, and it is a function of f d (). Both f s;1 ðÞ and f d () are functions of Laplace coefficients and are defined in Murray & Dermott (1999) . The term containing f s;1 ðÞ will be eventually neglected. For the 3 : 2 external mean motion with Neptune, the resonant argument is
For first-order external resonances, j 3 ¼ À1 and the relationship for the libration width is
where M N is the mass of Neptune and G is the solar gravitational constant. The full derivation of the libration width using the pendulum model is given in Murray & Dermott (1999) . Figure 4 shows the maximum libration widths, calculated using equation (26), in a-e space for the 3 : 2 external mean motion resonance with Neptune. 
6. SOURCE BODIES Particles are generated in the Kuiper Belt by the breakup of KBOs. If a parent body has orbital elements (a s , e s , I s , s , ! ! s ), then immediately after breakup the collisional byproducts of that parent body have a range of orbital elements (Da, De, DI, D, D! !). We can determine if particles will stay in a given resonance by comparing Da with the libration width, a 0 max , for that particular resonance. If
then particles will stay in the resonance, at least initially. We can calculate Da by making the following simple assumptions. Ejection velocities immediately after impact, V ej , for fragments of asteroid collisions are given by the relation
where V 1 is the velocity of the fragments at infinity and V esc is the escape velocity from the parent body (Zappala et al. 1984; Cellino et al. 1999) . To escape the parent body, a fragment must have an ejection velocity that is at least equal to the escape velocity. Otherwise, the fragment will reimpact the parent body, forming a regolith in the case of small particles. The escape velocity is not the same for all of the fragments; it depends on the size of the fragment, the initial radial location of each fragment with respect to the center of the parent body, and the ejection process. For example, the largest remaining fragment may have an escape velocity close to zero (Cellino et al. 1999) . Various authors calculate a guaranteed escape speed, the speed at which a fragment launched normal to the surface of its parent body will have enough energy to escape the parent body, taking into account that each parent body will have a unique shape and rotation rate and therefore a unique gravitational field (Scheeres, Durda, & Geissler 2003) . For example, asteroid 433 Eros has approximate dimensions of 34 Â 13 Â 13 km (Veverka et al. 2001 ) and has a range of guaranteed escape speeds from 3.3 to 17.3 m s À1 (Scheeres et al. 2003; Yeomans et al. 2000; Miller et al. 2002) . However, this detailed analysis is beyond the scope of this paper and we follow Cellino et al. (1999) , who parameterized the escape velocity in the following simplified way:
where d is the diameter of the fragment, R s is the radius of the parent body, and v esc is the full escape velocity from the parent body given by
where M s is the mass of the parent body. If we assume that the parent body is spherical and take s to be its density, we can rewrite equation (31) 
In the case we are considering, that of micron-sized dust particles, d5 R s in equation (30) and therefore V esc % v esc . Deriving an effective diameter for Eros of 17.9 km and assuming ¼ 2:5 g cm À3 , we calculate V esc ¼ 10:6 m s À1 for Eros, which is very close to the average guaranteed escape speed of 10.3 m s À1 derived by Scheeres et al. (2003) , Yeomans et al. (2000) , and Miller et al. (2002) .
We take Dv t , Dv r , and Dv ? to be the dispersions in the tangential, radial, and perpendicular components of the particles' velocities upon ejection. If we assume that the collisions disperse particles isotropically, the average components of the velocity dispersion are equal to each other (Zappala et al. 1984; Cellino et al. 1999) :
This assumption may seem too simplistic since fragments ejected with a small Dv t will have their ejection velocities underestimated. However, fragments with small Dv r and Dv ? components will have their ejection velocities slightly overestimated. From a statistical point of view these overand underestimates should average out (Cellino et al. 1999) .
Since it is difficult to estimate V ej , we make the simplifying assumption, following Zappala et al. (1984) , that
We can now write
Figure 5 of Zappala et al. (1984) shows that the region bound by the diagonal lines representing V ej ¼ ffiffi ffi 2 p V esc and V ej ¼ V esc (the lower limit to the observed velocities) is the region in which self-gravitational effects are most important, and indeed this region is populated by many asteroid families.
Gauss's equations of motion (Brouwer & Clemence 1961; Zappala et al. 1984) can be used to relate changes in the velocity of the particle with changes in its orbital elements. Using the velocity dispersion given in equation (33), we can deduce a maximum dispersion in semimajor axis. Gauss's equations are 
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For the 3 : 2 external resonance with Neptune, a 0 ¼ 39:4 AU and n 0 ¼ 2=a 03=2 ¼ 2:54 Â 10 À2 yr À1 . To zeroth order in e 0 , Da can now be written as
where s ffi 2 g cm À3 for the Plutinos. From equation (37), we can see that Da is a function of R s and the semimajor axis at which the resonance is located. The above derivation of ejection velocities is based on the methods of Zappala et al. (1984) and Cellino et al. (1999) , who determined asteroidal ejection velocities based on the observational evidence of the dispersions in a, e, and I of asteroid families for the ¼ 0 case. For each asteroid family, Zappala et al. (1984) derived the mass and velocity distributions relative to the largest family member and calculated the ejection velocities from the dispersions in proper semimajor axis using Gauss's equations (Zappala et al. 1984; Cellino et al. 1999) .
We choose to rely on these methods since current laboratory work on fragment ejection velocities suffers from the fact that the targets and projectiles are much smaller (centimeters) than the asteroids or KBOs they hope to simulate (tens to hundreds of kilometers; Cellino et al. 1999; Holsapple et al. 2003) . This difference is critical because collisional processes involving small targets are dominated by material strengths while those involving large targets (i.e., asteroids or KBOs) are dominated by gravitational forces (Holsapple et al. 2003) . This currently unresolved problem is evidenced by the fact that the velocities obtained in the laboratory are lower by an order of magnitude than velocities obtained by studying the Da, De, and DI of asteroid families (Giblin 1998; Cellino et al. 1999 ). In addition, experimental work and models have not yet been developed that fully take into account the effects collisions have on icy bodies, which is important for the study of KBO collisions (Holsapple et al. 2003) . Furthermore, we do not consider collisions between particles for the sake of simplicity. In future work, a collisional model such as that described in Gustafson et al. (1992) could be applied to the breakup of KBO source bodies.
If there is no initial dispersion in velocities, particles with ¼ 0 that start out in the resonance will remain in the resonance. However, if the velocity dispersion is large enough, that is, if the source body is large enough, not all of the ¼ 0 particles will remain in the resonance. For particles with ¼ 0 we can calculate the maximum source body size for which Da < a 0 max by substituting equation (37) into equation (28). For the 3 : 2 mean motion resonance with Neptune, assuming e ¼ 0:25 and a 0 max ¼ 0:5 AU, the maximum parent body diameter for complete trapping is $60 km. It is important to note that this value is highly dependent on our assumptions about V ej . For instance, if V ej ¼ V esc , then V 1 ¼ 0 and, correspondingly, Dv t ¼ Dv r ¼ Dv ? ¼ 0. Then, Da ¼ 0 and all of the particles would be in the resonance initially.
In this paper we assume that V ej ¼ ffiffi ffi 2 p V esc , which roughly gives an estimate of the average relative velocity of the particles. We consider three different cases, that of 10 and 100 km diameter source bodies and the case in which the particles have the same orbital elements as their parent bodies. We refer to this last case as the 0 km source body case. The preceding discussion on calculating Da applies to the ¼ 0 case. For cases in which is not equal to zero, radiation pressure must also be considered and is discussed in the next section.
ANALYTICAL PREDICTIONS FOR TRAPPING
Micron-sized dust particles can be generated in the Kuiper Belt by the breakup of KBOs. The sizes of the source bodies and the sizes of the particles themselves determine whether the particles will become trapped in a particular resonance. For instance, particles generated from a parent body larger than $60 km in diameter will not all become trapped in the resonance, since the dispersion in initial semimajor axis (Da) of dust particles that escape from a 60 km diameter source body will be greater than the libration width (a 0 max ). Trapping is also a function of , or particle size. For particles less than $500 lm, radiation pressure plays a significant role. In x 5 we had assumed that was zero. However, the location of the resonance (given by eq. [38] ) is a function of , and as increases, a 0 decreases:
Shown in Table 3 is the location of the 3 : 2 external mean motion resonance as a function of . The particle diameters in the table are obtained by assuming that the particles are spheres composed of astronomical silicate (Draine & Lee 1984) . (The term '' astronomical silicate '' refers to a dielectric function determined by using laboratory measurements of crystalline olivine, which is constrained by infrared observations of dust grains [Draine & Lee 1984] . It is not a physical material but a simulated average of materials of Notes.-Particle diameters are obtained by assuming that the particles are spheres composed of astronomical silicate. However, the calculations in this paper are performed as a function of , which allows for a wider assumption of particle sizes, shapes, materials, and morphology since is highly dependent on particle mass but less dependent on particle shape or structure (Gustafson et al. 2001 ).
which dust grains are composed.) The calculations in this paper are performed as a function of , which allows for a wider assumption of particle sizes and shapes since for astronomical silicate is highly dependent on particle mass but less dependent on particle shape or structure (Gustafson et al. 2001) . Particles with a high enough value of will get '' blown out '' of the maximum libration width and will not remain in resonance, at least initially. As a result of PR drag, they could eventually spiral into orbits with smaller and smaller semimajor axes until they become trapped in the resonance, or they could become trapped in the other resonances that populate the inner Kuiper Belt, such as the 2 : 1 or the 5 : 3 mean motion resonances. It is necessary to run numerical integrations to understand this complicated behavior; however, we can make some analytical predictions about it.
Neglecting all forces except PR drag, radiation pressure, and gravity, we can calculate the minimum value of the eccentricity a particle needs to have to become trapped in the 3 : 2 resonance, as well as the smallest size particle, corresponding to a maximum value of , that can be trapped (Dermott et al. 1988a; Weidenshilling & Jackson 1993; Jayaraman 1995) . To find the minimum eccentricity a particle must have to become trapped in an external mean motion resonance, we equate the magnitude of the change in semimajor axis with time due to resonant trapping, da 0 =dtj res , with the change in semimajor axis with time due to PR drag, da 0 =dtj PR . Neglecting terms of order e 02 and higher and solving for e 0 yields
where l ¼ GM N . We can then solve equation (40) for in order to determine max , the maximum value of a particle can have and still remain trapped in a given resonance. Since is a function of particle size, max gives a limit on the smallest particles that can be trapped in resonance. Unfortunately, equation (40) 
For e 0 ¼ 0:05, 0:13d max d0:64, which corresponds to a particle diameter, d, of roughly 1 lmddd4 lm assuming a spherical particle composed of astronomical silicate. max is somewhat challenging to calculate since the right-hand side of equation (41) is also a function of max , since and f d () are functions of . Another value of interest is the maximum value of eccentricity, e 0 max , a particle can have in a given resonance. As derived in Weidenshilling & Jackson (1993) , this maximum value is given as
neglecting terms higher than order e 02 . The derivation is based on analysis of the evolution of the eccentricity as a function of time but will not be discussed in this paper.
Values for e 0 min and e 0 max are given in Tables 4 and 5 as a function of p, q, and . Two other important quantities remain to be discussed, the critical value of the eccentricity for particles moving into the resonance from exterior orbits, e 0 crit , and the capture probability, P capture . For a first-order resonance (q ¼ 1), the critical value of eccentricity is given as Notes.-Note that for the 2 : 1 resonance, the indirect term of the disturbing function must be taken into account, f i ðÞ ¼ À0:5=. The semimajor axis of Neptune, a N , is taken to be 30.06 AU, making ¼ 30:06=a 0 .
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where we have assumed that the mass of the dust particle is zero (Dermott et al. 1988a ). The probability of capture into a first-order resonance, P capture , can be determined from e 0 crit . From Dermott et al. (1988a) ,
for e 0 4e 0 crit ;
and is presented in Tables 4 and 5 . It should be noted that the equations for e 0 crit and P capture are applicable only under the adiabatic criterion, which states that the change in semimajor axis due to drag (in this case, PR drag) in one libration period should be much less than a 0 max , the resonant libration width:
As discussed in Dermott et al. (1988a) , the adiabatic criterion is valid only for well-separated resonances. To determine whether the Kuiper disk is in the adiabatic region, we chose T lib ¼ 19; 670 yr, the libration period of Pluto, since the pendulum model does not provide accurate values for the libration period for the 3 : 2 resonance with Neptune. Using equation (26) and rewriting equation (3) in terms of the primed quantities, for an eccentricity e 0 ¼ 0:25 and ¼ 0:04868 (for a 10 lm diameter spherical particle), da 0 =dtj PR ¼ 1:89 Â 10 À6 AU yr À1 and a 0 max % 0:52 AU, so that da 0 =dtj PR T lib ¼ 0:037 AU, which is, indeed, much less than the libration width of 0.52 AU, and therefore dust particles in the 3 : 2 mean motion resonance with Neptune are in the adiabatic regime.
In the preceding discussion we have neglected all forces except radiation pressure, gravity, and PR drag. However, other forces such as the Lorentz force and the effect of neutral interstellar gas drag are important to Kuiper dust grains. For instance, Lorentz forces become important for small particles at large heliocentric distances since the Lorentz force varies as 1/r while gravity and radiation pressure vary as 1/r 2 (Gustafson 1994) . These additional forces are not incorporated in the theory, so instead they must be included in numerical simulations.
Tables 4 and 5 also list some parameters for the 2 : 1 resonance. The 2 : 1 resonance is a special case of an external resonance since when p ¼ 1, the indirect term of the expansion of the disturbing function, f i (), must be taken into account. Taking into account the extra factor of in front of f d () for external resonances in equation (24), equation (27) can now be written as
where f i ðÞ ¼ À1=ð2Þ. This in turn can be used to calculate the libration width for the 2 : 1 resonance. Following Murray & Dermott (1999) , we calculate the libration widths for the 5 : 3 and 6 : 4 resonances. Since they are second-order resonances, the shapes of their libration widths are different than those of the 2 : 1 and 3 : 2 resonances.
NUMERICAL INTEGRATIONS
We use the numerical integrator RADAU (Everhart 1989 ) to find the percentages of particles in resonance for a variety of initial conditions. RADAU is a very accurate integration code that employs the Runge-Kutta method with Gauss-Radau spacings. RADAU is very flexible, allowing the introduction of additional forces. Most of the runs in this paper have 249 particles. The error in the estimate of the percentage of particles in resonance is 100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. (However, when N r is zero, we do not give an error estimate.) In order to decrease the error, we increase the total number of particles to 1017 for a small number of runs. The integrations were run for 250,000 yr and the orbital elements of the particles were output every 100 yr so we could obtain an accurate variation of the resonant argument. The integrator considers PR drag, solar wind drag, radiation pressure, and the effects of the gravitational perturbations of seven planets. Mercury and Pluto are excluded from consideration since their masses are very low. In addition, in some of the runs, we have considered the effect of the Lorentz force on the particles, as well as the effect of neutral interstellar gas drag. Runs have been completed for particles ejected from source bodies of 0, 10, and 100 km with a variety of sizes: 4, 10, 20, 50, and 100 lm diameter spherical astronomical silicate particles (corresponding to ¼ 0:12928, 0.04868, 0.02343, 0.00905, and 0.00446) and the ¼ 0 or no drag case. We also run several cases for particles having ¼ 0:07104 and 0.03688, corresponding to 7 and 13 lm spherical particles composed of astronomical silicate. We find that as increases, the percentage of particles in the 3 : 2 mean motion resonance decreases.
Shown in Figures 5 and 6 is an example of a particle that is in the 3 : 2 mean motion resonance with Neptune for the entire length of the integration. The eccentricity versus semimajor axis for particle 1 is plotted in Figure 5 . The run consists of 249 particles integrated for 250,000 yr and includes the effects of the gravitational perturbations of Fig. 5. -Eccentricity vs. semimajor axis for particle 1 in a RADAU run for the no drag case ( ¼ 0) including the effects of the gravitational perturbations of seven planets. Mercury and Pluto are excluded. The run consists of 249 particles integrated for 250,000 yr. The particles, having equal to zero, were released from a 0 km source body in a Pluto-like orbit. Each diamond represents the particle's orbital elements at 100 yr intervals. The 3 : 2, 5 : 3, and 2 : 1 libration widths are shown as solid lines, while the 6 : 4 libration width is shown as a dashed line. The exact location for each resonance is plotted as a dotted line. It is clear that particle 1 is trapped in the 3 : 2 mean motion resonance with Neptune, since for the majority of the time the particle stays within the 3 : 2 libration width. In Fig. 6 it becomes apparent that particle 1 is indeed trapped in the 3 : 2 resonance for the entire 250,000 yr. None of the particles in this run were excluded from the system. seven planets. The particles, having equal to zero, were released from a 0 km source body in a Pluto-like orbit. Each diamond represents the particle's orbital elements at 100 yr intervals. The 3 : 2, 5 : 3, and 2 : 1 maximum libration widths are shown as solid lines, while the 6 : 4 maximum libration width is shown as a dashed line. The exact location for each resonance is plotted as a dotted line. It appears that particle 1 is trapped in the 3 : 2 mean motion resonance with Neptune, since for the majority of the time the particle stays within the 3 : 2 libration width. In Figure 6 it becomes apparent that particle 1 is indeed trapped in the 3 : 2 resonance for the entire 250,000 yr since the resonant argument, ', is clearly librating as opposed to circulating. Figure 6 shows the variation of semimajor axis, resonant argument, and eccentricity with time for particle 1 in the aforementioned RADAU run. The exact location for 3 : 2 resonance for the no drag ( ¼ 0) case is plotted as a dotted line. The semimajor axis of particle 1 is clearly librating around the exact location of the 3 : 2 resonance. The resonant argument, ', is very clearly librating, showing that the particle is trapped in the 3 : 2 resonance for the entire integration time of 250,000 yr. Also plotted is the variation of the eccentricity with time. The dashed line is the value of e max , the maximum value of eccentricity a particle trapped in the 3 : 2 resonance can reach. As expected, the particle's eccentricity never reaches e max for the no drag case.
Results for the Standard Forces Case
The percentage of particles in the 3 : 2 mean motion resonance with Neptune for the case including the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure as a function of (particle size) is shown in Figure 7 . The open squares correspond to the case in which the particles had no initial velocity dispersion, while the filled triangles and filled circles correspond to the cases in which the particles were generated from 10 and 100 km diameter source bodies, respectively. The particles were integrated for 250,000 yr. Each numerical run is composed of 249 particles. 0 km diameter source bodies.-For the runs generated with no velocity dispersion, the percentage of particles that remain in (or are later recaptured into) the 3 : 2 mean motion resonance roughly increases with decreasing (i.e., increasing particle size). Numerical runs were performed for the no drag case and cases with -values of 0.12928, 0.04868, 0.02343, 0.00905, and 0.00446 (corresponding to spheres with diameters of 4, 10, 20, 50, and 100 lm). The large error bars for the smaller particle sizes (higher -values) are due to the lower percentage of particles trapped for those cases, since we are assuming Poisson statistics. However, a trend is evident, with no particles in resonance for the 4 lm case while nearly all (99.6%) of the particles are in resonance for the ¼ 0 case. This is in agreement with the value of max of $0.13 (corresponding to a 4 lm diameter spherical particle) calculated using equation (41).
10 km diameter source bodies.-The runs with particles generated from 10 km diameter source bodies also exhibit the trend that the percentage of particles that remain in (or Fig. 6 .-Variation of semimajor axis, resonant argument, and eccentricity with time for particle 1 in a RADAU run for the no drag case ( ¼ 0) including the gravitational effects of seven planets. Mercury and Pluto are excluded. The run consists of 249 particles integrated for 250,000 yr. The particles, having equal to zero, were released from a 0 km source body in a Pluto-like orbit. Top: Variation of semimajor axis, a, with time. The exact location for the 3 : 2 resonance for the ¼ 0 case is plotted as a dotted line. The exact locations of the 5 : 3 and 2 : 1 resonances are plotted as a solid line and a dot-dashed line, respectively. The semimajor axis of particle 1 is clearly librating around the exact location of the 3 : 2 resonance. Middle: Variation of the resonant argument for the 3 : 2 resonance (where j 1 ¼ 3, j 2 ¼ À2, j 3 ¼ À1, j 4 ¼ 0, j 5 ¼ 0, and j 6 ¼ 0) with time. The resonant argument is librating the entire time, showing that the particle is trapped in the 3 : 2 resonance for the entire integration time of 250,000 yr. Bottom: Variation of the eccentricity with time for particle 1. The dashed line is the value of e max , the maximum value of eccentricity a particle trapped in the 3 : 2 resonance can reach. As expected, the particle's eccentricity never reaches e max in this no drag case. The open squares correspond to the case in which the particles had no initial velocity dispersion, while the filled triangles and filled circles correspond to the cases in which the particles were generated from 10 and 100 km diameter source bodies, respectively. The particles were integrated for 250,000 yr. Each numerical run is composed of 249 particles, giving an error in the estimate of the percentage of particles in resonance of $100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. For the case in which N r ¼ 0, we do not give an error estimate. [See the electronic edition of the Journal for a color version of this figure.] are later recaptured into) the 3 : 2 mean motion resonance roughly increases with decreasing . Numerical runs were performed for the no drag case and cases with -values of 0.12928, 0.07104, 0.04868, 0.03688, 0.02343, 0.00905, and 0.00446 (corresponding to spheres with diameters of 4, 7, 10, 13, 20, 50, and 100 lm). The large error bars for the smaller particle sizes (higher -values) are due to the lower percentage of particles trapped for those cases, but a trend is still evident, with no particles in resonance for either the 4 or 7 lm cases while nearly all (98.8%) of the particles are in resonance for the ¼ 0 case. 100 km diameter source bodies.-The runs with particles generated from 100 km diameter source bodies were performed for the no drag case and cases with -values of 0.12928, 0.04868, 0.02343, 0.00905, and 0.00446 (corresponding to spheres with diameters of 4, 10, 20, 50, and 100 lm). For sphere sizes up to 50 lm, the percentage of particles in the 3 : 2 resonance roughly increases with increasing particle size. However, the percentage of particles in resonance levels off at a value of $71% for particle sizes !50 lm ( 0:00905). This is in agreement with the analytical prediction given in x 7 that particles generated from a parent body larger than $60 km in diameter will not all become trapped in the resonance, since the dispersion in initial semimajor axis of dust particles that escape from a 60 km diameter source body will be greater than the libration width.
The percentage of 10 lm diameter particles trapped in the 3 : 2 resonance for different sized source bodies (6.4%, 4.8%, and 7.6% for 0, 10, and 100 km source bodies, respectively) falls within the predicted values of P capture listed in Tables 4  and 5 : 2:0% < P capture < 22:0%. However, in the case of the 100 lm diameter particles, significantly more particles are trapped than are predicted by P capture (90.0%, 89.2%, and 72.3% for 0, 10, and 100 km source bodies, respectively) compared to 1:9% < P capture < 20:9%. Our capture probabilities are larger than predicted values for the 100 lm diameter particles because our particles started out within the libration width and did not need to first evolve into the resonance, making capture into resonance for large particles much easier.
Plotted in Figure 8 is the X-Y distribution of orbits for the standard forces case in the rotating frame for the case of 7 (Figs. 8a and 8b ) and 50 lm diameter particles (Figs. 8c and  8d ) , and the ¼ 0 case (Figs. 8e and 8f ) assuming that the particles originate from 10 km diameter source bodies. The plots on the left are in terms of brightness, while those on the right are number density plots for one individual particle. None of the 7 lm particles were trapped in the 3 : 2 resonance, and correspondingly Figure 8b shows that particle 2 is not in resonance. Figures 8d and 8f show an example of a 50 lm particle and a ¼ 0 particle in resonance, respectively. Note the depletion of particles near Neptune (represented by a large square) since particles in resonance with Neptune avoid the planet. Figure 8e also shows a depletion in particles near Neptune. However, this effect becomes less noticeable when there are a significant number of particles that are not in resonance as shown in Figure 8c . For the ¼ 0 case, 98.8% of the particles are in resonance for an average of approximately 220,000 yr, so the effect is noticeable and can be compared to Figures 1  and 2 , keeping in mind that a depletion in number density will produce a dimmer section of the disk. As seen in Figure   Fig 8c, for the 50 lm case, the effect is not as noticeable because only 77.5% of the particles are in resonance and they are in resonance for an average of 130,000 yr. However, there is a gap in brightness opposite the location of Neptune. There are no 7 lm particles in the 3 : 2 resonance so there is no depletion of particles near Neptune in either Figure 8a or Figure 8b . As a result of radiation pressure, the 7 lm particle disk has a larger radial extent. In addition, there is a bright ring of material at approximately 45 AU that could be due to particles being trapped in other resonances, such as the 2 : 1 resonance.
In the preceding runs, we have included gravity, radiation pressure, solar wind corpuscular drag, and PR drag. However, other forces, such as the Lorentz force and the effect of neutral interstellar gas drag, could potentially be important for dust grains in the Kuiper disk. Our goal is to determine whether the addition of these two effects will have an impact on the percentage of particles in the 3 : 2 resonance. The Lorentz force has been included in the next set of runs that will be discussed.
The Lorentz Force
Our goal is to determine whether the addition of the Lorentz force will have an impact on the percentage of particles in the 3 : 2 resonance. As discussed previously, interplanetary dust particles are charged and a typical particle is expected to have a net positive potential, U, of approximately 5 V (Goertz 1989; Gustafson 1994) . However, this quantity is uncertain and could be as high as 100 V (Leinert & Grü n 1990) . We have made a set of runs including the Lorentz force with U ¼ 5 V that are identical to those presented in Figure 7 . In addition, since U is uncertain, we have included some runs with U ¼ 20 V.
The results of the integrations are shown in Figures 9, 10, and 11 for particles generated from 0 (i.e., no velocity dispersion), 10, and 100 km diameter source bodies, respectively. Plotted are the percentages of particles in the 3 : 2 mean motion resonance with Neptune versus , which is also translated to particle diameter assuming that particles are spheres composed of astronomical silicate (see Table 3 ). The open squares correspond to RADAU runs including the '' standard forces,'' that is, the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure (or in the ¼ 0 case, only gravity). The filled squares and filled circles correspond to RADAU runs that also include the Lorentz force with a potential, U, equal to 5 and 20 V, respectively. The triangles correspond to RADAU runs that include the standard forces, the Lorentz force with U ¼ 5 V, and the effects of neutral interstellar gas drag assuming that C D is equal to 1 ( filled triangles) or C D ¼ 2 (open triangles), which is discussed in a later section. Each numerical run shown in Figures 9, 10 , and 11 is composed of 249 particles. -Percentage of particles in the 3 : 2 mean motion resonance with Neptune, assuming that particles were generated from a source body of 0 km in diameter (i.e., with no initial velocity dispersion) in the 3 : 2 resonance, as a function of . The open squares correspond to RADAU runs with the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure included, that is, the standard forces. The filled squares and filled circles correspond to RADAU runs that include, in addition to the standard forces, the Lorentz force with a potential U equal to 5 and 20 V, respectively. The filled and open triangles correspond to runs that include the standard forces, the Lorentz force with U ¼ 5 V, and the effects of neutral interstellar gas drag assuming that C D is equal to 1 and 2, respectively. Each numerical run is composed of 249 particles, giving an error in the estimate of the number of particles in resonance of $100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. The particles were integrated for 250,000 yr. [See the electronic edition of the Journal for a color version of this figure. ] Fig. 10. -Percentage of particles in the 3 : 2 mean motion resonance with Neptune, assuming that particles were generated from a source body of 10 km in diameter, as a function of . The open squares correspond to RADAU runs including the standard forces, that is, the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. The filled squares and filled circles correspond to RADAU runs that include, in addition to the standard forces, the Lorentz force with a potential, U, equal to 5 and 20 V, respectively. The filled triangles correspond to RADAU runs that include the standard forces, the Lorentz force with U ¼ 5 V, and the effects of neutral interstellar gas drag assuming C D ¼ 1. Each numerical run is composed of 249 particles, giving an error in the estimate of the number of particles in resonance of $100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. The particles were released from 10 km diameter source bodies in Pluto-like orbits and were integrated for 250,000 yr. [See the electronic edition of the Journal for a color version of this figure. ] As seen in Figures 9, 10 , and 11, the addition of the Lorentz force with U ¼ 5 V does not in general have a significant effect on whether the particles remain in the 3 : 2 resonance. However, as shown in Figure 12 and Table 6 , for small particles (%10 lm in diameter), the Lorentz force can have an appreciable effect especially if U is increased to 20 V. This potential is probably too high for grains in the Kuiper Belt, but it does serve as an interesting test case for the effects of the Lorentz force. Table 6 shows the trapping results for four different mean motion resonances with Neptune (3 : 2, 6 : 4, 5 : 3, and 2 : 1) with the initial conditions that the particles escaped from a source body 10 km in diameter and there are 249 particles in each run. The results appear to be counterintuitive in that more particles are trapped into the 3 : 2 resonance in the U ¼ 20 V Lorentz force case than in the case without the Lorentz force. In the case of increased drag, one would expect that less particles would be trapped. However, the increase in trapping in the 3 : 2 resonance occurs because the particles in the nonLorentz force case are getting trapped in the 5 : 3 resonance before their orbits can evolve down to a semimajor axis where they can become trapped in the 3 : 2 resonance, an Fig. 11. -Percentage of particles in the 3 : 2 mean motion resonance with Neptune, assuming that particles were generated from a source body of 100 km in diameter, as a function of . The open squares correspond to RADAU runs including the standard forces, that is, the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. The filled squares and filled circles correspond to RADAU runs that include, in addition to the standard forces, the Lorentz force with a potential, U, equal to 5 and 20 V, respectively. Each numerical run is composed of 249 particles, giving an error in the estimate of the number of particles in resonance of $100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. The particles were released from 100 km diameter source bodies in Plutolike orbits and were integrated for 250,000 yr. [See the electronic edition of the Journal for a color version of this figure. ] Fig. 12. -Close-up of the plot of the percentage of particles in the 3 : 2 mean motion resonance with Neptune assuming that particles were generated from a source body of 10 km in diameter in the 3 : 2 resonance. The open squares correspond to RADAU runs including the standard forces, that is, the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. The filled squares and filled circles correspond to RADAU runs that include, in addition to the standard forces, the Lorentz force with a potential, U, equal to 5 and 20 V, respectively. The filled triangles correspond to RADAU runs that include the standard forces, the Lorentz force with U ¼ 5 V, and the effects of neutral interstellar gas drag assuming C D ¼ 1. Each numerical run is composed of 249 particles, giving an error in the estimate of the number of particles in resonance of $100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. The particles were released from 10 km diameter source bodies in Pluto-like orbits and were integrated for 250,000 yr. [See the electronic edition of the Journal for a color version of this figure. ] Notes.-The error in the estimate of the percentage of particles in resonance is 100 ffiffiffiffiffi ffi N r p =N r percent, where N r is the number of particles in resonance. (However, when N r % 0, we do not give an error estimate.) Fig. 13. -Eccentricity vs. semimajor axis for a particle trapped in the 5 : 3 mean motion resonance with Neptune. Particle 125 is from a RADAU run for the case of 7 lm diameter particles ( ¼ 0:07104) that are released from a 10 km diameter source body. The run consists of 249 particles integrated for 250,000 yr and includes the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. Each diamond represents the particle's orbital elements at 100 yr intervals. The 3 : 2, 5 : 3, and 2 : 1 libration widths are shown as solid lines, while the 6 : 4 libration width is shown as a dashed line. The exact location for each resonance is plotted as a dotted line. Fig. 14. -Variation of semimajor axis, resonant argument, and eccentricity with time for particle 125 in a RADAU run (for 7 lm diameter particles released from a 10 km source body) including the standard forces. The run consists of 249 particles integrated for 250,000 yr and includes the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. Top: Variation of semimajor axis, a, with time. The exact location for the 3 : 2 resonance for the ¼ 0 case is plotted as a dotted line. The exact locations of the 5 : 3 and 2 : 1 resonances are plotted as a solid line and a dot-dashed line, respectively. The semimajor axis of particle 125 is clearly librating around the exact location of the 5 : 3 resonance for the entire time. Middle: Variation of the resonant argument for the 5 : 3 resonance (where j 1 ¼ 5, j 2 ¼ À3, j 3 ¼ À2, j 4 ¼ 0, j 5 ¼ 0, and j 6 ¼ 0) with time. The resonant argument, ', is clearly librating. Bottom: Variation of the eccentricity with time for particle 125. The dashed line is the value of e max , the maximum value of eccentricity a particle trapped in the 3 : 2 resonance can reach. The particle's eccentricity never reaches e max , nor does it appear to be approaching e max , implying that the particle may be trapped in the 5 : 3 resonance for much longer than 250,000 yr. Fig. 15. -Eccentricity vs. semimajor axis for particle 1 in a RADAU run including the Lorentz force where U ¼ 20 V. The ¼ 0:07104 (7 lm diameter) particles in this RADAU run were released from a 10 km source body. The 3 : 2, 5 : 3, and 2 : 1 libration widths are shown as solid lines, while the 6 : 4 libration width is shown as a dashed line. The exact location for each resonance is plotted as a dotted line. Each diamond represents the particle's orbital elements at 100 yr intervals. Note that for the majority of the time, particle 1 appears to be within the 5 : 3 libration width, but for a short period of time, the particle is also within both the 3 : 2 and 6 : 4 resonant widths. As can be seen in the next figure, the particle is in fact trapped in both the 5 : 3 and 3 : 2 resonances. Fig. 16. -Variation of semimajor axis, resonant argument, and eccentricity with time for particle 1 in a RADAU run including the Lorentz force where U ¼ 20 V. The ¼ 0:07104 (7 lm diameter) particles in this RADAU run were released from a 10 km source body. Top: Variation of semimajor axis, a, with time. The exact location for the 5 : 3 resonance is plotted as a solid line, while the exact location of the 3 : 2 resonance is plotted as a dotted line. Middle: Variation of the resonant argument for theexample of which is shown in Figures 13 and 14 . Upon ejection from the source body, radiation pressure exerts a strong influence on small particles and, as a result, many of them start out some distance away from 39.4 AU, allowing them to become initially trapped in other resonances. Another illustration of this point is in Figures 15 and 16 , where it can be clearly seen that the particle starts out being trapped in the 5 : 3 resonance, reaches a maximum eccentricity, e max , and then evolves out of the 5 : 3 resonance and eventually becomes trapped in the 3 : 2 resonance.
In Table 6 we see that significantly more particles are trapped in the 2 : 1 resonance in the U ¼ 20 V Lorentz force case than in the standard forces case. Shown in Figure 17 is an example of a particle trapped in the 2 : 1 resonance for the U ¼ 20 V Lorentz force case. The semimajor axis of the particle librates around the exact location of the 2 : 1 resonance. The resonant argument for the 2 : 1 resonance (where In addition, many of the particles in the U ¼ 20 V Lorentz force case are eventually excluded from the numerical integrations as a result of the particles obtaining a high eccentricity and/or large semimajor axis (see Fig. 18 ). In fact, as shown in Table 6 , in a comparison of runs with similar initial conditions (7 lm diameter particles originating from 10 km source bodies integrated for 250,000 yr with 249 particles in each run), 57% AE 8% of the particles in the U ¼ 20 V Lorentz force run were eventually excluded from the integrations, while none of the particles in any of the other runs were excluded.
In the case of the 6 : 4 and 5 : 3 resonances only one of the eccentricity resonances was considered. In the case of the 6 : 4 external resonance, we considered the case in which j 1 ¼ 6, j 2 ¼ À4, j 3 ¼ À2, and j 4 ¼ j 5 ¼ j 6 ¼ 0, and in the case of the 5 : 3 external resonance, we only considered the case in which j 1 ¼ 5, j 2 ¼ À3, j 3 ¼ À2, and j 4 ¼ j 5 ¼ j 6 ¼ 0. In the run without Lorentz forces, most of the particles became trapped in the 5 : 3 resonance. However, the addition of the Lorentz force with a high enough grain potential (U ¼ 20 V) seems to scatter some particles out to larger semimajor axes, where they can become trapped in the 2 : 1 resonance, or smaller semimajor axes, where they can become trapped in the 3 : 2 resonance. In the case of the other runs including the Lorentz force with a U of 5 V and both with and without the effect of neutral interstellar gas drag included (C D ¼ 1) slightly less particles are trapped in the 5 : 3 and 2 : 1 resonances than in the standard forces run, which is to be expected for additional drag forces. These results are confirmed by a separate set of runs having 1017 particles each but the same initial conditions: 7 lm diameter particles originating from 10 km source bodies integrated for 250,000 yr (see Table 7 ).
For the 249 7 lm diameter particle standard forces run originating from 10 km diameter source bodies, we did check for trapping for all of the 5 : 3 external mean motion resonances. We did not find any particles trapped in the other eccentricity resonances, but we did find particles trapped in the inclination resonances (see Fig. 19 ). The percentages of particles trapped in all of the external 5 : 3 mean motion resonances for this particular run are listed in Table 8 . The criteria for trapping are based on whether the resonant argument, ', is librating. Recall equation (22), which gives ' The run consists of 249 particles integrated for 250,000 yr and includes the effects of gravity, PR drag, solar wind corpuscular drag, radiation pressure, and the Lorentz force assuming that the particles have a potential, U, equal to 20 V. The 7 lm diameter particles ( ¼ 0:07104) were released from a source body 10 km in diameter in a Pluto-like orbit. Each diamond represents the particle's orbital elements at 100 yr intervals. The 3 : 2, 5 : 3, and 2 : 1 libration widths are shown as solid lines, while the 6 : 4 libration width is shown as a dashed line. The exact location for each resonance is plotted as a dotted line. Particle 81 is trapped in the 2 : 1 resonance with Neptune. Fig. 18. -Variation of semimajor axis, resonant argument, and eccentricity with time for particle 2 in a RADAU run including the standard forces and the Lorentz force where U ¼ 20 V. The run consists of 249 particles integrated for 250,000 yr and includes the effects of gravity, PR drag, solar wind corpuscular drag, radiation pressure, and the Lorentz force assuming that the particles have a potential, U, equal to 20 V. The 7 lm diameter particles ( ¼ 0:07104) were released from a source body 10 km in diameter in a Pluto-like orbit. Top: Variation of semimajor axis, a, with time. The exact location for the 3 : 2 resonance for the ¼ 0 case is plotted as a dotted line. The exact locations of the 5 : 3 and 2 : 1 resonances are plotted as a solid line and a dot-dashed line, respectively. Particle 2 is initially trapped in the 2 : 1 resonance. Eventually, however, the particle achieves a parabolic or hyperbolic orbit and RADAU '' excludes '' it from the system by assigning it a ¼ 75 AU and e ¼ 0. Middle: Variation of the resonant argument for the 2 : 1 resonance (where j 1 ¼ 3, j 2 ¼ À2, j 3 ¼ À1, j 4 ¼ 0, j 5 ¼ 0, and j 6 ¼ 0) with time. The resonant argument is alternating between librating and circulating for the first 30,000-40,000 yr, before the particle becomes excluded from the system. Bottom: Particle's eccentricity appears to reach e max shortly before the particle achieves a parabolic or hyperbolic orbit and is excluded from the system by RADAU.
where the primed osculating elements are those of the dust particles and the unprimed elements subscripted with an '' N '' are Neptune's. As can be seen from Table 8 , the assumption that the! ! 0 eccentricity resonance was most important was correct as no particles are trapped in any of the other eccentricity resonances. This is expected as the eccentricities of the Plutino dust particles (e 0 % 0:25) are much greater than the eccentricity of Neptune (e N % 0:009) and the strength of the resonance is a function of the eccentricity. Consequently, the particle is preferentially trapped in the strongest resonance or the resonance associated with the largest coefficient, in this case the ( j 1 ¼ 5, j 2 ¼ À3, j 3 ¼ À2, and j 4 ¼ j 5 ¼ j 6 ¼ 0) resonance (Murray & Dermott 1999) . A sizeable percentage of particles are trapped in the inclination resonances (some particles may be trapped in multiple resonances). An example of such a particle (trapped in the 5 : 3 resonance where Figure 19 . The inclination resonances are a topic for future study.
Finally, it is important to note that the Lorentz force could also create a structure similar in appearance to a dust band. The interplanetary solar magnetic field is composed of different sectors that alternate in polarity. The Lorentz force increases particle inclinations as a result of particles in low-inclination orbits experiencing a random walk in inclination due to both stochastic variations in solar magnetic field sector length and the alternating polarity of the sectors. As a result of this random walk, the inclination of a particle can increase over time as a result of the Lorentz force. Overall, this effect produces a dispersion in particle inclinations (Leinert & Grü n 1990) . The Lorentz force also causes a precession of nodes about the solar equator. Coupled with the dispersion in inclination, the structure will resemble a puffed-up ring of material (Gustafson 2000) . However, this circumsolar ring is completely independent of the presence of planets in the system, unlike the resonant rings we have been discussing in this paper. Shown in Figure 20 are plots of the projection of the orbits of the particles onto the Xand Z-axes for the standard forces case and the U ¼ 5 V Lorentz force case. Note how in the Lorentz force case the disk has a wider vertical extent.
Neutral Interstellar Gas Drag
Scherer (2000) does not take the Lorentz force into consideration and furthermore predicts that trapping of particles into mean motion resonances in the presence of neutral interstellar gas drag is very unlikely. In Figure 9 , a full set of runs (for 4, 10, 20, 50, and 100 lm diameter particles, as well as the ¼ 0 case) with the Lorentz force (U ¼ 5 V) and the neutral interstellar gas drag (C D ¼ 1) is shown. Also shown is a full set of runs including the Lorentz force (U ¼ 5 V) and the neutral interstellar gas drag where C D ¼ 2. The results are not statistically different than the basic case, which does not include the Lorentz force or neutral gas drag, in contrast to the predictions of Scherer (2000) . As far as the percentage of particles trapped in the 3 : 2 resonance is concerned, neutral gas drag does not appear to have an appreciable effect. However, if plots of Fig. 19. -Variation of semimajor axis, resonant argument, and inclination with time for particle 8 in a 5 : 3 inclination resonance. The run includes the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure. The 7 lm diameter particles ( ¼ 0:07104) in this RADAU run were released from a 10 km source body. Top: Variation of semimajor axis, a, with time. The exact location for the 5 : 3 resonance is plotted as a solid line, the exact location of the 3 : 2 resonance is a dotted line, and the exact location of the 2 : 1 resonance is a dot-dashed line. Middle: Variation of the resonant argument for the 5 : 3 resonance (where j 1 ¼ 5, j 2 ¼ À3, j 3 ¼ 0, j 4 ¼ 0, j 5 ¼ À2, and j 6 ¼ 0) with time. The resonant argument is clearly librating. Bottom: Variation of the inclination of particle 8 with time.
TABLE 8
Percentage of Particles in the 5 : 3 Resonances
Notes.-Percentage of particles in the 5 : 3 resonances for a run consisting of 7 lm diameter particles ( ¼ 0:07104) originating from 10 km diameter source bodies with the effects of gravity, PR drag, solar wind corpuscular drag, and radiation pressure included. The run contains 249 particles.
the projection of the orbits of the particles onto the X-and Y-axes are studied for the ISM plus Lorentz force case, the standard forces case, and both Lorentz force cases, the orbits look slightly different, with the neutral ISM case exhibiting a different shaped distribution in X-Y space. Plotted in Figure 21 are X-Y plots for the 7 lm diameter particle run ( ¼ 0:07104), originating from 10 km diameter source bodies with 249 particles. The torus of dust for the C D ¼ 1 interstellar gas drag case seems '' squashed '' compared to the standard forces case and the U ¼ 5 V Lorentz force case. In the case of the U ¼ 20 V Lorentz force case, the orbits are scattered out to much larger ranges than the other runs. This reflects the fact that many of the particles eventually become excluded from the system.
SIZE-FREQUENCY DISTRIBUTION
Many theoretical questions remain about the sizefrequency distribution of the dust particles in the entire Kuiper disk. The size-frequency distribution of the Kuiper Belt (or the asteroid belt) can be described by
where D 0 is a constant, D is the diameter of the smallest particle being considered, dN is the number of particles in a bin of width dD, and p is a constant that indicates whether the particles are in collisional equilibrium, a state in which there is a balance between grain creation (by collisions) and grain removal (by radiation pressure, PR drag, mutual destructive collisions, and sublimation) from the system . Equation (47) is for large bodies and is not expected to hold for the smallest particles (<1 lm) in the system, as a result of the effect of radiation pressure. The constant p can be written as
where q is the size-frequency index. A system in collisional equilibrium has a size-frequency index of q ¼ 11=6 % 1:83 and, correspondingly, a p equal to 2.5, assuming a single material strength (Dohnanyi 1969) . The cumulative number of particles with diameters greater than D is given by
assuming that D5 D max , where D max is the diameter of the largest body in the distribution and p > 1, which is the case for collisional equilibrium. The distribution of area for the system can be written as
where D 2 /4 is the area of an individual particle of diameter D. Integrating equation (50) from D min , the diameter of the smallest particles in the distribution, to D max and using equation (47) yields
If p > 2, which is the case for collisional equilibrium, using equation (48), the cumulative surface area associated with this distribution can be written as In this p > 2 case, the area is dominated by small particles and A cum is independent of D max . If we assume that each particle has a mass, m p , equal to D 3 /6, where is the density of a given particle, a cumulative mass, M cum , can be calculated from a mass increment dM ¼ m p dN. If p < 3, which is true for collisional equilibrium, then the mass is dominated by large particles and the cumulative mass can be expressed as
We can determine D 0 by assuming an appropriate value for D max , setting M cum equal to the total mass of the system for which the bodies have the same size-frequency index, and then solving equation (53) for D 0 . For the case of collisional equilibrium, D max is the size of the largest body still in collisional equilibrium and M cum is the total mass of the system for bodies with diameters in the range from D min to D max .
Zodiacal Cloud
This method for calculating cumulative area is appropriate for the solar system dust bands and the background zodiacal cloud since all of the crucial parameters (q, D max , and M cum ) are well constrained. The dust bands were discovered by the Infrared Astronomical Satellite (IRAS; Low et al. 1984) and have been attributed to the breakup of three Hirayama asteroid families: Eos, Themis, and Koronis (Dermott et al. 1984) , although Veritas may also play a role in contributing to the dust band emission Dermott et al. 2002) . For the dust band associated with Eos, for example, D max and M cum are the diameter and mass of the Eos asteroid, and q was determined to be less than or equal to approximately 1.4 (and p % 1:2) by Grogan, Dermott, & Durda (2001) . Since p < 3 (q < 2), the mass is dominated by the large particles. Leinert & Grün (1990) estimate the mass of the zodiacal cloud to be 10 16 -10 17 kg, and we take M cum to be 10 16 kg, noting that the area and brightness of the cloud scale linearly with M cum . For our maximum particle size, D max , we assume 500 lm (Wyatt et al. 1999) . Since q for the asteroid belt is 1.4, the distribution is weighted toward the larger particles and we are justified in simply creating a model cloud composed entirely of 500 lm diameter particles to get a lower limit to the expected brightness of the zodiacal cloud. From these assumptions, we calculate A cum for the zodiacal cloud. We take D max to be 500 lm. We take the number of particles in the disk to be N cum ¼ M cum =m p , where m p is the mass of an individual 500 lm diameter spherical dust particle with density ¼ 2500 kg m À3 . Given that A cum ¼ D 2 N cum =4, where D ¼ D max , we derive a cumulative area A cum ¼ 1:2 Â 10 10 km 2 .
We then build a model of a simple background zodiacal cloud with no brightness asymmetries. The radial extent of the cloud is from 1 to 3 AU, and the particles populate the disk according to a 1/r PR drag distribution. The total area in the model is set to A cum ¼ 1:2 Â 10 10 km 2 . Based on these input parameters, orbits of the particles are generated and then distributed through a three-dimensional array of cells forming a SIMUL model (for additional information on in the 60 lm wave band. The model is of a simple Kuiper disk with no brightness asymmetries ranging from 30 to 50 AU having a total area equal to A cum ¼ 8:87 Â 10 13 km 2 . The peak of the brightness at an ecliptic longitude of approximately 0 is approximately 0.97 MJy sr À1 , which is much closer to the range of limits found in Teplitz et al. (1999) and also agrees with Fig. 1 of Backman et al. (1995) to within a factor of $3.
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RESONANT STRUCTURE IN KUIPER DISKSIMUL, a zodiacal cloud simulation tool developed at the University of Florida, see Dermott et al. 1988b; Grogan et al. 2001) . Assuming that the particles are composed of astronomical silicate, a line-of-sight integrator creates a scan in ecliptic latitude of the brightness of the zodiacal cloud model at a solar elongation angle ¼ 90 in the 60 lm wave band (see Fig. 22 ). Note that, in contrast to other models (e.g., the Kelsall et al. 1998 model), we are not fitting an empirically derived model to the data. We are instead constructing models based on physical assumptions about the grain distribution in the zodiacal cloud. The peak of the brightness at an LoE of 0 is approximately 9.5 MJy sr À1 . If we use M cum ¼ 10 17 kg, then the peak brightness of the model is approximately 95 MJy sr À1 . The COBE DIRBE observed peak brightness in the 60 lm wave band in the direction trailing the Earth is approximately 23.5 MJy sr À1 , which fits in well with our predicted brightnesses (see Fig. 23 ). (Given that s is the particle radius, the emissivity is unity for 2s, making the grain a good emitter for the wavelength . For ! 2s, the grain emissivity is less than 1.)
Kuiper Disk
In contrast to the case of the zodiacal cloud, the sizefrequency distribution of KBOs and the dust in the Kuiper disk is poorly constrained. Only $650 KBOs have been discovered to date (Parker 2003 ), compared to several thousand asteroids, so the values for D max and M cum are significantly more uncertain for the Kuiper Belt than they are for the asteroid belt. This allows for a very wide range of D 0 , on which A cum and the surface brightness of the cloud are highly dependent. It is not known if the Kuiper Belt is in collisional equilibrium, which means that the constraints on q Fig. 25. -SIMUL model of a simple Kuiper disk with no brightness asymmetries ranging from 30 to 50 AU having a total area equal to A cum ¼ 8:87 Â 10 13 km 2 . This is a face-on view of the model as it would appear to an exosolar observer at 7.8 pc in the 60 lm wave band. [See the electronic edition of the Journal for a color version of this figure.] are also poor. Jewitt, Luu, & Trujillo (1998) estimated the size-frequency index of the KBOs to be 1:83 q 2:17. The lower limit is the value of q for collisional equilibrium. However, the size-frequency index of the KBOs may not be the same as the size-frequency index of the small grains in the disk.
Despite these obvious difficulties, we attempt to calculate the surface brightness of the Kuiper disk by making some reasonable choices for M cum , D max , and q. We set M cum to the total mass of dust in the Kuiper Belt, which is estimated to be 1 Â 10 À5 M È (Backman et al. 1995) . Since the q of the Kuiper disk is unconstrained, we assume that, like the zodiacal cloud, the size-frequency distribution of the Kuiper disk is heavily weighted toward the large particles and we assume that our entire Kuiper disk is composed of 500 lm diameter particles composed of astronomical silicate. We take D max ¼ 500 lm and the number of particles in the disk to be N cum ¼ M cum =m p , where m p is the mass of an individual 500 lm diameter spherical dust particle with density ¼ 2030 kg m À3 . Given that A cum ¼ D 2 N cum =4, where D ¼ D max , we calculate a cumulative area for the Kuiper disk of A cum ¼ 8:87 Â 10 13 km 2 . We then build a SIMUL model of a simple Kuiper disk with no brightness asymmetries ranging from 30 to 50 AU in radial extent and having a total area equal to A cum ¼ 8:87 Â 10 13 km 2 . The particles populate the disk according to a 1/r PR drag distribution. Based on these input parameters, orbits of the particles are calculated and then distributed through a three-dimensional array of cells forming a SIMUL model. We perform a scan in ecliptic latitude of the brightness of the cloud at an elongation angle ¼ 90 in the 60 lm wave band (see Fig. 24 ). The peak of the brightness at LoE ¼ 0 is approximately 0.97 MJy sr À1 . A face-on view of the SIMUL model as it would appear to an exosolar observer is shown in Figure 25 .
The Kuiper dust disk is predicted to be, at most, a few percent of the brightness of the zodiacal cloud (Backman et al. 1995; Teplitz et al. 1999 ) from COBE upper limits. For the 60 lm wave band, Teplitz et al. (1999) report four different upper limits for the total signal from the Kuiper Belt, I KB (). The upper limits on the total brightness range from 0.3 to 16.0 MJy sr À1 (Teplitz et al. 1999) . The 16 MJy sr À1 limit is merely the full COBE DIRBE infrared signal in the 60 lm wave band given in Figure 2 of Backman et al. (1995) at an ecliptic latitude of À19=1. The particular latitude is chosen because Teplitz et al. (1999) assume that the Kuiper disk density distribution is constant to AE19=1 in ecliptic latitude and zero outside that range. The data were taken from the DIRBE annual average data set (Backman et al. 1995) . The contribution from the foreground zodiacal cloud was not removed from the COBE DIRBE infrared signal, making this limit a poor constraint on I KB (); that is, the signal from the Kuiper disk should be much lower than 16 MJy sr À1 . The other limits of 0.3, 1.50, and 0.75 MJy sr À1 were obtained in the following fashion. The 1.50 MJy sr À1 limit is a 2 limit found by Hauser et al. (1998) , while the 0.75 MJy sr À1 value was a standard deviation given by Hauser et al. (1998) . The smallest limit, I KB ðÞ ¼ 0:3 MJy sr À1 , was obtained by the subtraction of the component of the COBE data due to asteroidal emission using the Reach (1988) zodiacal cloud model (Backman et al. 1995) .
The peak brightness in Figure 24 of approximately 0.97 MJy sr À1 is well within the range of limits found in Teplitz et al. (1999) and also agrees with Figure 1 of Backman et al. (1995) to within a factor of $3. A Kuiper disk composed of 500 lm diameter particles fits well with upper limits and other Kuiper disk models. In addition, this has implications for how easy it will be to observe the Kuiper disk brightness asymmetry. A disk with a size-frequency distribution weighted toward small particles, which are not trapped in resonance, will have a washed-out resonant signature, but a disk heavily weighted toward large particles, which are more likely to become trapped, may have a stronger, more easily identifiable double-lobed structure. However, it should be noted that models of the Kuiper disk made with q ¼ 1:83 grossly overpredicted the Kuiper disk brightness (Holmes 2002) . Changing q by a small amount, on the order of AE0.4, can change the predicted brightness of the cloud by several orders of magnitude (see Fig. 26 ). Much observational work still needs to be done to better determine M cum , D max , q, and the albedo for the KBOs, which will aid future modeling efforts.
CONCLUSIONS
The probability that the Kuiper disk particles remain in (or are later recaptured into) the 3 : 2 mean motion resonance increases with decreasing (i.e., increasing particle size). For the standard forces cases, none of the 4 lm ( ¼ 0:12928) particles were in the 3 : 2 resonance. In the other cases, only 0%-0.8% of the 4 lm particles were in the 3 : 2 resonance. In contrast, for the ¼ 0 case, 98.8%-100% (0 and 10 km source bodies) and 68.7%-75.9% (100 km source body) of the particles were in resonance for at least part of the 250,000 yr integration. Consequently, a size distribution for the Plutino Fig. 26. -Illustration of the dramatic effect of the size-frequency distribution index q on the cumulative area of material resulting from the disruption of a parent body, here assumed to be 100 km in diameter. Below q ¼ 5=3, the total area is dominated by the contribution from the large particles in the distribution; above q ¼ 5=3, the area is dominated by the small particles. In this small-particle regime, modest changes in q can result in order-of-magnitude differences in the cumulative area and hence the brightness of the distribution.
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RESONANT STRUCTURE IN KUIPER DISKdisk must be weighted toward larger particles, with a cutoff for small particles in the resonance at approximately 4 lm. It is of course possible to have a population of small particles that are drifting through the libration width and are not in resonance or that are generated via a collisional cascade by larger particles. However, some of the small particles initially removed from the libration width by radiation pressure can eventually evolve back into the libration width through PR drag and become trapped in resonance.
When combined with the size-frequency distribution of the entire disk, the lack of small particles in resonance may help to explain why the Kuiper disk is so faint. If a Plutino disk is lacking in small particles, it will be deficient in surface area and consequently less bright than a nondepleted disk. Our results from x 9 support this idea: the total brightness of the Kuiper disk is fitted reasonably well by a Kuiper disk composed solely of large particles, implying a q lower than 1.83. A disk weighted toward large particles will have a stronger, more easily identifiable resonant signature than a disk in collisional equilibrium.
Finally, as long as the potential, U, of the particles is small (U % 5 V), the Lorentz force does not seem to inhibit trapping into mean motion resonances. However, it should be noted that if the grains in an exosolar system have a high potential, then the Lorentz force would have a strong effect in that system. It is also important to keep in mind that the Lorentz force could create a structure resembling a puffedup ring of material (Gustafson 2000) that would be independent of the presence of planets in the system. It would be important, therefore, to distinguish this uniform puffed torus from resonant rings that are linked to the presence of planets in a system.
